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Abstract. The present paper deals with genuine Baskakov Durrmeyer operators which
have preserved certain functions. We have obtained quantitative Voronovskaya and
quantitative Grüss type Voronovskaya theorems using the weighted modulus of conti-
nuity. These results include the preservation properties of the classical genuine Baskakov
Durrmeyer operators.
Keywords: Genuine Baskakov Durrmeyer operators; weighted modulus of continuity;
Grüss Voronovskaya theorem.
1. Introduction
In a recent paper [22], Patel et al. considered a new construction of Baskakov
operators on the unbounded interval [0,∞),















, n ∈ N, x ∈ [0,∞), ϑ is a continuous infinite
times differentiable function satisfying the condition ϑ(1) = 0, ϑ(0) = 0 and ϑ′(x) >
0 for x ∈ [0,∞). They investigated some direct theorems, asymptotic formula and
A -statistical convergence. This function ϑ not only characterizes the operators but
also characterizes the Korovkin set {1, ϑ, ϑ2} in a weighted function space. Inspired
by this idea, many researchers studied in this direction, we can refer the readers to
[[2],[3],[4],[5],[9],].
Very recently, Ada [8] have introduced Durrmeyer modifications of the operators
(1.1):
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The operators defined in (1.2) are linear and positive. In case of ϑ(x) = x, the
operators in (1.2) reduce to well known Baskakov Durrmeyer operators.
Other useful modifications of positive linear operators are genuine types in ap-
proximation theory. These modifications for Bernstein durrmeyer operators were
first considered by Chen [11]. Since then, many researchers have conducted studies
in this field. Among the others, we refer the readers to [[10],[16],[19],[20],[21]].
























In this paper, we will continue to study further approximation properties of the
operators (1.3). To describe the pointwise convergence of the operators, we prove a
quantitative Voronovskaya type theorem. This quantitative Voronovskaya theorem
tells us the rate of pointwise convergence and an upper bound for the error of the
approximation. For some other quantitative versions of Voronovskaya’s theorem,
we can refer the readers to [1],[13],[14].
To prove the main results, we need following moments and central moments of
our new operators.
2. Auxiliary results
Lemma 2.1. We have










ϑ3(x)(n + 1)(n+ 2) + 6ϑ2(x)(n + 1) + 6ϑ(x)
(n− 1)(n− 2)
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Lemma 2.2. If we describe the central moment operator by
Mϑn,m (x) = D
ϑ

















ϑ4(x)(n + 7) + 2ϑ3(x)(n + 7) + ϑ2(x)(n + 9) + 2ϑ(x)
]





ϑ6(x)n2 + 33n+ 62)
+3ϑ5(x)n2 + 33n+ 62)
+3ϑ4(x)(n2 + 36n+ 75)
+ϑ3(x)(n2 + 51n+ 140)
+9ϑ2(x)(n+ 5)
+6ϑ(x)]
for all n,m ∈ N.
We suppose that:
(p1) ϑ is a continuously differentiable function on [0,∞)
(p2) ϑ (0) = 0, infx∈[0,∞) ϑ
′ (x) ≥ 1.
Let ψ (x) = 1 + ϑ2 (x) and Bψ(R
+) = {f : |f (x)| ≤Mfψ (x)} , where Mf is
constant which may depend only on f. Cψ(R
+) denote the subspace of all con-
tinuous functions in Bψ(R
+). By C∗ψ(R
+), we denote the subspace off all functions
f ∈ Cψ(R
+) for which limx→∞ f (x) /ψ (x) is finite. Also let Uψ(R
+) be the space
of functions f ∈ Cψ(R
+) such that f/ψ is uniformly continuous. Bψ(R
+) is the
linear normed space with the norm ‖f‖ψ = supx∈R+ |f (x)| /ψ (x) .
The weighted modulus of continuity defined in [17] is as follows
ωϑ (f ; δ) = sup
x,t∈R+
|ϑ(t)−ϑ(x)|≤δ
|f (t)− f (x)|
ψ (t) + ψ (x)
for each f ∈ Cψ (R
+) and for every δ > 0. We observe that ωϑ (f ; 0) = 0 for every
f ∈ Cψ (R
+) and the function ωϑ (f ; δ) is nonnegative and nondecreasing with
respect to δ for f ∈ Cψ (R
+) and also limδ→0 ωϑ (f ; δ) = 0 for every f ∈ Uψ (R
+) .
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Lemma 2.3. ([17])For every f ∈ Uψ (R
+) , limδ→0 ωϑ (f ; δ) = 0 and
(2.6) |f (y)− f (x)| ≤ (ψ (y) + ψ (x))
(
2 +
|ϑ (y)− ϑ (x)|
δ
)
ωϑ (f, δ) .
Remark 2.1. If ϑ(x) = x, then ωϑ is equivalent with Ω2 given in [18]
Ω2(f, δ) = sup
x,y≥0
|h|≤δ
|f (x+ h)− f (x)|
(1 + h2)(1 + x2)
.
3. Main Results















+), then we get for any x ∈ R+ that
n
[













2 + ϑ (x) + ϑ2 (x)
)


















































(ϑ (x)) (ϑ (t)− ϑ (x))2
2
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In order to complete the proof, we estimate the Dϑn
(























































































≤ (ψ (t) + ψ (x))
(
2 +






















In addition, since ψ (t)+ψ (x) ≤ δ2+2ϑ2 (x)+2ϑ (x) δ+2 whenever |ϑ (t)− ϑ (x)| ≤
δ, we have
|h (t, x)| ≤ 3
(


























δ2 + 2ϑ2 (x) + 2ϑ (x) δ + 2
)
whenever |ϑ (t)− ϑ (x)| >
δ, we have
|h (t, x)| ≤ 3
(
δ2 + 2ϑ2 (x) + 2ϑ (x) δ + 2
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Choosing δ < 1 we deduce
|h (t, x)| ≤ 6
(
ϑ2 (x) + ϑ (x) + 2
)
(
























Using Lemma 2.2 we have
n
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120(1 + ϑ(x))6(n+ 16)2
(n− 5)4
)}














































































which completes the proof.
Corollary 3.1. One has the following:
1. Let g′′ ∈ Cψ (R
+) . The choice of ϑ(x) = x in Theorem 1 gives a quantitative
Voronovskaya type theorem for Tn which defined in [12]
∣


















Genuine Modified Baskakov-Durrmeyer Operators 1151
2. Let g′′/(ϑ′)2, g′ϑ
′′
/(ϑ′)3 ∈ Uψ (R
+) . If we take limit with n→ ∞ in Theorem
















3. Let g′′/(ϑ′)2, g′ϑ
′′
/(ϑ′)3 ∈ Uψ (R
+) . If n → ∞ with ϑ(x) = x in Theorem 1,
we obtain the Voronovskaya theorem for Tnwhich defined in [12]
lim
n→∞





The following results is a quantitative Grüss Voronovskaya type theorems. For
some applications of Grüss inequalities in approximation theory, one can refer to
[6],[15].














































































































































is the analogues one.
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≤ |A1|+ |A2|+ |A3|+ |A4| .
By Theorem 1, we have the estimates
|A1| ≤ 12
(

























|A2| ≤ 12 ‖g‖ψ
(

























|A3| ≤ 12 ‖h‖ψ
(
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where ǫ is an number between t and x. If t < ǫ < x, then 1 + ϑ2(ǫ) ≤ 1 + ϑ2(x). In


























































µϑn,2 (x) + 2ϑ(x)µ
ϑ

































Corollary 3.2. The following hold:
1. If g, h, g′′, h′′ ∈ Cψ (R
+) such that (gh)′′ ∈ Cψ (R
+) . The choice of ϑ(x) = x
in Theorem 2 gives a quantitative Grüss Voronovskaya type theorem for Tn
which defined in [12]
n
∣










2 + ϑ (x) + ϑ2(x
)




2 + ϑ (x) + ϑ2(x
)











2. Let g, h, g′′, h′′ ∈ Uψ (R
+) such that (gh)′′ ∈ Uψ (R
+) . If n→ ∞ in Theorem



























3. Let g, h, g′′, h′′Uψ (R
+) such that (gh)′′ ∈ Uψ (R
+) . If n → ∞ with we select
ϑ(x) = x in Theorem 2, we get the Grüss Voronovskaya type theorem for the
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3. T. Acar, A. Aral and I. Raşa: Modified Bernstein-Durrmeyer operators. General Math-
ematics. 22:1 (2014), 27-41.
4. T. Acar and G. Ulusoy: Approximation properties of generalized Szasz-Durrmeyer
Operators. Period. Math. Hung. 72:1 (2016), 64-75.
5. T. Acar, A. Aral, I. Rasa: Positive Linear Operators Preserving τ and τ 2, Constructive
Mathematical Analysis, 2:3 (2019), 98-102.
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